Abstract: In this article we establish some formalism of Derived Witt-Dévissage theory for resolving subcategories of abelian categories. Results directly apply to noetherian schemes.
Introduction
This is another one of a series of articles ([MS1, MS2, MS3] ) dedicated to study of derived Witt groups. Our interest in derived Witt groups emanates from our interest in Chow-Witt groups, as obstruction groups for projective modules. We would refrain from repetition of the introductory comments and the background discussion provided in ([MS1] ).
In ([MS1] ), we proved dévissave theorems for Cohen-Macaulay affine schemes, extending the corresponding theorem of Balmer and Walter ([BW] ) on regular schemes. In this paper, we prove analogous dévissave theorems for noetherian schemes X, with the hypothesis that any coherent sheaf on X is a quotient of a locally free sheaf on X. In particular, we remove the Cohen-Macaulay condition in ([MS1] ). In the process of doing so, it became clear that the arguments could be made formal enough, so that they work for resolving subcategories of abelian categories. The concept of resolving subcategories dates back to the paper of Auslander and Bridger ([AB] ). More recently, there has been considerable amount of activities (e.g. [T1, T2] ) on resolving subcategories of the category Mod(A) of finitely generated modules over noetherian commutative rings A. Much of it is directed toward the classification of such resolving subcategories under various conditions, which is encompassed by similar attempts to classify variety of types of subcategories of the module categories. The work of Benson, Iyengar and Krause (e.g. [BIK] ) would be one of the stimulus, where they consider subcategories of group algebras. To the best of our knowledge, very little literature is available on resolving subcategories of abelian categories. We give a version of the dévissage theorem for resolving subcategories of abelian categories, max{depth(O X,x ) : x is a closed point} = dim X. Then, the homomorphisms
A(O X,x ) (O X,x ), * , 1, ̟) and
are isomorphims.
When X is regular, this is a theorem of Balmer and Walter ([BW] ). In this case, first isomorphism follows from such a decomposition of the corresponding categories and the second isomorphism would have zeros on both sides.
Before we conclude this introduction, we comment on the sense of direction of this series of articles ([MS1, MS2, MS3] ). For noetherian schemes X as above, we will give a Gersten-Witt like complex of the "relative" Witt groups W p (D p (X), D p+1 (X)), where D p (X) denotes the subcategory of the finite derived category D b (X), of complexes E • with finite locally free dimension homologies H i (E • ) and co dim(H i (E • )) ≥ p. The "relative" Witt groups are defined by forming a group of isometry classes of S-spaces, as in ([B2] ). These results will appear subsequently.
We close this introduction, with a few comments on the lay out of this article. As would be expected, the results on Witt groups of noetherian schemes would follow from that of the resolving subcategories. However, we made a choice to give complete proofs for the former ( § 5, 6 ) and the proofs of the results on resolving subcategories ( § 7) would follow similarly. Throughout in § 5, 6, we remind the readers that our proofs are formal enough to apply to § 7. We also give a proof of the existence of the functor ζ : B(X) −→ D b (V (X)) in § 3. While this is a standard fact among the experts, we were unable to find references that would be of any help for the readership of this article. While the main isomorphism theorem was dealt with in § 5 , we summarize our results on noetherian schemes in § 6. In § 7, we state our results on resolving subcategories.
coherent sheaf on X is quotient of a locally free sheaf on X. This hypothesis is satisfied in the following two cases: (1) when X is integral, locally factorial and separated (see [H, Ex. 6 .8]) and (2) when X has an ample invertible sheaf. To avoid technicalities (see remark 6.5), we assume
This ensures that A(X) has nonzero symmetric forms. We set up further notations:
1. Coh(X) will denote the category of coherent O X −modules and V (X) will denote the full subcategory of locally free sheaves on X.
2. The full subcategory of objects F in Coh(X), so that F has finite resolution by locally free sheaves, will be denoted by B := B(X).
3. Also, let A := A(X) ⊆ B(X) be the full subcategory of objects F ∈ B(X) such 
would denote the corresponding homotopy categories. For other similar notations, readers are referred to ( [W] ).
Denote objects E
• will denote the usual dual induced by sheaf Hom(−, O X ) and ̟ :
will denote the evaluation map.
8. Let B r = B r (E • ) := ∂ r+1 (E r+1 ) ⊆ E r denote the module of r−boundaries and Z r = Z r (E • ) := ker(∂ r ) ⊆ E r denote the module of r−cycles.
9. The r th −homology of E • will be denoted by H r := H r (E • ) and is defined by the exact sequence 0
The functor by resolution
Let X be a noetherian scheme, as in (2.1). When X = Spec(A) is affine, it is not difficult to see that there is a natural functor ζ :
. When X is not affine, morphisms f : F −→ G in Coh(X) do not naturally lift to morphisms of the corresponding V (X)-resolutions of F and G.
However, even when X is not affine there are, in stead functors
) to the derived category, given by (the choices) of V (X)-resolutions of objects in B (resp. of Coh(X)). While this fact is well known among the experts, there is no suitable reference, to the best of our knowledge, that is accessible to a wider community. The purpose of this section is to give a proof of this fact for the benefit of such readers. We point out in § 3.1, that one can define and prove the existence of such a functor in the context of resolving subcategories of abelian categories.
Lemma 3.1. Suppose X is a noetherian scheme as in (2.1). Let g : F −→ G be a morphism of coherent sheaves and
Proof. Consider the pullback diagram 
, and G 0 is the restriction of g 0 . We extend the diagram as follows:
Here Γ 1 is the pullback. Note p 1 is surjective. Now, the proof of the first part is complete by iteration of this process. The latter statement follows because the process terminates, in that case.
The following is another version of (3.1) that will be of some interest subsequently.
Lemma 3.2. Suppose X is a noetherian scheme, as in (2.1). Let G • be a complex in
Proof. (With § 3.1 in mind, we avoid local argument and stick to formal arguments). We write
, we have a commutative diagram of exact sequences:
f 0 where is the restriction of g 0 .
It follows f 0 is surjective. Inductively, we choose surjective maps g n :
and (2) with Z n := ker(d n ), the restriction map f n : Z n ։ Z n of g n to Z n := ker(d n ) is surjective. So, we have the following commutative diagram of exact sequences:
Consider the pullback diagram:
and (2) we chose a surjective map ϕ :
We have the following: (1) By the properties of pull back p, q are surjective and ker(p) ∼ = Z n+1 . (2) Let g n = qϕ and the differential d n+1 is defined as shown. Denote
(5) By Snake lemma, it also follows that f n+1 is surjective. This completes the proof of the first part of the lemma.
Finally, if all the homologies
The proof is complete. Now, we proceed to establish that given a morphism g : F −→ G of coherent sheaves, and resolutions
Lemma 3.3. Suppose X is a noetherian scheme, as in (2.1). Let g : F −→ G be a morphism of coherent sheaves and
Consider G as a complex in Ch ≥0 (Coh(X)) concentrated at degree zero and let Γ • be the pullback:
Proof. We establish the notations as in the diagram:
where the horizontal lines are exact. Recall that the pullback of complexes is constructed by taking degree wise pullback. So, Γ i = 0 ∀ i < 0. At degree i = 0, of the pullback diagram is given by:
Corollary 3.4. Suppose X is a noetherian scheme, as in (2.1). Let F be an object in
• be two resolutions of F in the chain complex category Ch ≥0 (X). Then
Proof. It follows immediately, by an application of corollary 3.3, with g = 1 F , since in this case G is also a quasi-isomorphism.
Corollary 3.5. Suppose X is a noetherian scheme, as in (2.1). Under the hypotheses and notations in lemma 3.3, there is a complex
Proof. We use all the notations as in lemma 3.3. By lemma 3.1, applied to the identity morphism Id : F −→ F and Γ • , there a complex L • ∈ Ch + (V (X)) and a quasi-isomorphism ǫ : L −→ Γ • . Now, the corollary is established, with the choices τ = tǫ and γ = Gǫ. The last statement also follows from the corresponding statement in lemma 3.1. The proof is complete. For morphisms g : F −→ G in Coh(X), a "lift" in the derived category is defined as follows. Definition 3.6. Suppose X is a noetherian scheme, in (2.1). Let g : F −→ G be a morphism of coherent sheaves on X. Suppose E • ։ F , Q • ։ G are two resolutions, where
We now establish that ζ(g) is well defined.
Lemma 3.7. Under the set up of definition 3.6, ζ(g) is well defined in
Proof. As in (3.3), consider G as a complex in Ch + (Coh(X)) and let Γ • be the pullback:
as in definition 3.6, from the properties of the pullback it follows, that there are maps ǫ :
Note that ǫ, ǫ ′ are quasi-isomorphisms. By Ore condition (see proof of [W, 10.4 
All the morphisms in this latter diagram are quasi-isomorphisms. It follows,
In deed, as in the affine case, ζ(g) is the unique lift of g, in the following sense.
Theorem 3.8. Consider the set up as in definition 3.6. Then, ζ(g) :
Proof. Suppose η is as in the statement of the corollary. Then,
, where τ ′ , γ ′ is given by the commutative diagram:
, and τ ′ is a quasi − isomorphism.
By replacing sheaves at the negative degrees of L ′
• by zero and
. The proof is complete. Now, ζ behaves in a functorial manner, for the morphisms, as follows.
Proposition 3.9. Let X be a noetherian scheme as in (2.1). Let g 0 : F 0 −→ F 1 and
Proof. Consider the following commutative diagram
is obtained by application of the Ore condition in Ch + (V (X)) (resp. in Ch b (V (X)), where τ is a quasi-isomorphism. By (3.8), it follows, ζ(
The proof is complete.
We are finally ready to give a complete definition of the functors ζ :
Definition 3.10. Let X be a noetherian scheme, as in (2.1). Define ζ :
For simplicity, we make a convention that if the length of a minimal V (X)-resolution of F is r, then by choice ζ(F ) i = 0 ∀ i > r.
For morphisms
The functor, ζ :
It is immediate from proposition 3.9 that the functors ζ defined above are well defined.
The Resolving category and fomalism
Much of the arguments above can be formulated in the realm of resolving subcategories of abelian categories as follows. Before we proceed, we define resolving subcategories of abelian categories.
Definition 3.11. Suppose C is an abelian category. An exact subcategory V of C is called a resolving subcategory if, (1) V is closed under direct summand and direct sum, (2) every epimorphism V is admissible, and (3) given any object M in C there is an epimorphism E ։ G, for some E ∈ V .
Remark 3.12. Suppose V is a resolving subcategory of an abelian category C. Following are some immediate and obvious comments:
(1) Any object M is C has a resolution by objects in V . (2) The category of chain complexes are defined by inverting the quasi-isomorphisms in the corresponding homotopy category (without any regard to any other structure). Consult the proof of [W, 10.4 .1] on localization, which makes sense in our context. Proposition 3.13. Suppose C is an abelian category and V is a resolving subcategory.
Let B := B(V ) := {F ∈ V : F has a finite V − resolution} be the full subcategory.
Assume, given an object F ∈ B and a V -resolution E • ։ F , the cycle objects Z n := ker(E n −→ E n−1 ) ∈ V ∀ n ≫ 0.
1. B is an exact subcategory and every epimorphism in B is admissible.
2. There is a natural functor
as defined in (3.6).
Likewise, there is a functor ζ : C −→ D + (P) (without any condition on Z n ).
3. All of § 3 remain valid, if we replace Coh(X) by C, V (X) by V and B(X) by B(V ).
Proof. The statements (5b, 3) follows as in the cases of noetherian schemes. We need to give a proof of (1). Let 0
/ / 0 be an exact sequence in C. Inductively, a resolution (possibly infinite) of this sequence in Ch ≥0 (V ), as follows.
In this diagram, d 0 : Q 0 ։ C is a surjective morphism, is the pullback of (d 0 , g) and ϕ : P 0 ։ Γ 0 is a surjective morphism, with Q 0 , P 0 ∈ V . Also, L 0 := ker(γ 0 ϕ 0 ) ∈ V . By Snake lemma ∂ 0 is surjective.
/ / 0 is exact and the process continues. Now, if K, C ∈ B(V ) then, by hypothesis, the resolutions L • ։ K, Q • ։ C terminate, hence process stops and P • ∈ Ch b (V ). So, B(V ) is an exact subcategory. Similarly, every epimorphims in B(V ) is admissible. The proof is complete.
Duality Properties
In this section X will denote a noetherian scheme, as in (2.1), with dim X = d. Also, A(X) will denote the abelian subcategory of Coh(X), as define in (2.1). With a view on section 7 on formalism, we take the formal approach to the proofs, as opposed to local. First, we define a duality on A(X).
Definition 4.1. Suppose X is a noetherian scheme with dim X = d, as in (2.1). We fix a choice of an injective resolution I • of O X . For a coherent sheaf F , and integers n ≥ 0,
Lemma 4.2. Suppose X is a noetherian scheme with dim X = d and A(X) is as in (2.1). Define a functor
Proof. We need to establish that, for objects F ∈ A(X), there is a natural isomorphism
as defined in (3.10). We denote this complex as
Dualizing again, we have the following diagram of exact sequences
The isomorphism ̟ 0 is induced by the evaluation maps. There is also a natural isomorphism ω 1 : co ker(∂ * *
is a natural isomorphism. The proof is complete.
The derived category D b (V (X))) has a triangulated structure, with the duality induced by the duality − * := Hom(−, O X ), which we will denote by #. We have particular interest in the subcategory D b A (V (X))). It was pointed out in ( [MS1] ) that D b A (V (X))) may not be closed under cone construction, but it was stable under duality. This works for any noetherian scheme, as follows.
Lemma 4.3. Suppose X is a noetherian scheme, with dim X = d (the condition in (2.1) that every coherent sheaf on X is quotient of a sheaf in V (X), is not needed.) Also, A := A(X) be as in (2.1). Let E • be a complex in Ch b A (V (X)). Then, for all integers r ∈ Z, there are natural isomorphism
where B r ⊆ E r denote the boundary, as in (2.1).
Proof. We assume E r = 0 ∀r < 0. If H 0 (E • ) = 0 then there is nothing to prove. So, assume the H 0 (E • ) = 0. Then,
and equation (1) holds. Now assume that equation (1) holds for degree r. We prove it for degree r + 1. We have two exact sequences
The long exact sequence of the first exact sequence yields the following isomorphisms:
It follows from the second exact sequence
This establishes the lemma.
Theorem 4.4. Let X be a noetherian scheme as in (4.3) and E • be a complex in Ch
is stable under duality. Further, η E• is natural with respect to morphisms f :
Proof. First, we have the following commutative diagram of exact sequences:
The isomorphism ψ is induced. Now, the first part of the theorem follows by composing ψ with the isomorphism, as follows: Ext
The latter part follows because all the isomorphisms are natural. The proof is complete.
The Main Isomorphism Theorem
Having established the that D b A (V (X)) is stable under duality, we discuss Witt group of D b A (V (X)). We set up some basic framework, analogous to ([MS1] ).
For a complex
will denote the unsigned translation, and T s (E • ) the standard translation which changes the sign of the differential.
Denote the shifted Derived categories:
, ±̟ where ̟ is the evaluation map. 3. As was pointed out, D b A (V (X)) may not have a triangulated structure. Readers are also referred to ([MS1] ), for a definition of Witt groups of subcategories of triangulated categories with duality. Note that this definition is very similar to that of Witt groups of exact catgories in [B3] , requiring the lagrangians to be admissible monomorphisms. As usual, we denote
Now, we prove that the functor ζ :
) induces isomorphisms of Witt groups. First, we prove ζ induces a homomorphism of Witt groups.
Theorem 5.1. Suppose X is a noetherian scheme, as in (2.1), with d = dimX. Let A := A(X) be as in (2.1). Then, the functor ζ :
Proof. We will only give the proof for the +-duality. We first define the homomorphism
and then prove that it is well defined. Suppose
It is also easy to see that ζ preserves the duality on A. By the uniqueness (3.8) of the lifts of morphisms in A(X), the identity ϕ 0 = ϕ ∨ 0̟ produces a symmetric from ζ(ϕ 0 ) :
) of monoids of symmetric spaces. Now we want to prove that MW (ζ) maps neutral spaces to neutral spaces. Suppose (F , ϕ 0 ) is a neutral space in (A, ∨ ,̟). So, there is an exact sequence (i.e. a lagrangian)
We would like to show (X • , ζ(ϕ 0 )) is neutral. It will be convenient to work with forms without denominators. By (3.5 or 3.6), ζ(ϕ 0 ) = γτ
commutes and ϕ is a quasi-isomorphism in Ch b (V (X)), without denominator. Clearly, (E • , ϕ) and (X • , ζ(ϕ 0 )) are isometric. Now that MW (ζ)(F , ϕ 0 ) is given by a denominator free quasi-isomorphism ϕ :
• , the rest of the argument is borrowed from ([B1] , for extra details see [MS1] ). We outline the proof to point out the subtleties. Let
, by (3.9), the above exact sequence lifts to an exact sequence 0
) has a triangulated structure, we can embed α in an exact triangle in
) and obtain the following diagram and a morphism s, as follows:
From the long exact sequence of homologies, it follows
. Therefore, we get the exact triangle
Translating this triangle, and with w = −T −1 (ks −1 ), we get the exact triangle
It remains to show that T −1 w # = w. Routine analysis shows that this is equivalent to showing
is a morphism of complexes. Therefore all the maps in this equation T (k # )s = T (s # )k are morphisms of complexes. It would suffice to show that this identity holds in
, which can be done exactly as in ( [B1, MS1] ). This establishes that ζ induces a homomorphism of the Witt groups.
Following lemma will be helpful for subsequent discussion.
Lemma 5.2. Suppose X is a noetherian scheme with dim X = d.
Since, t is quasi-isomorphism, so is (1, η). Rest of the arguments in (3.7) works, which uses Ore condition, together with (3.1). Note Γ • , L • are resolutions, so good enough to apply arguments in (3.7). The proof is complete.
Now we prove that W (ζ) is surjective, as follows.
Proposition 5.4. Let X be a noetherian scheme, with dim X = d, as in (2.1). Then, the homomorphism W (ζ) :
Proof. We point out the subtleties involved here in the non-affine case, beyond the arguments in ([MS1] ). We will only consider the case of +duality and the case of skew duality follows similarly. As usual, the proof is done by reducing the length of the width of the forms. Suppose
for some quasi-isomorphism s :
the first line in the diagram (3) and complete the commutative diagram
where the second line the dual of the first line, by choice µ 0 is "very good" (see [B2] for definition and existence) and R • is the cone of µ 0 . We consider this as a diagram in D b (V (X)), which is a triangulated category. By [B2, 4.20] there is a symmetric form
. This is shown by exhibiting a lagrangian λ :
These are established by writing down the long exact sequences of homologies of the three exact triangles in the diagram (3) and using the fact that L • , L # • have only one nonzero homology. (With a view to section 7 on formalism, we avoid local argument.) By lemma 5.2, we can further assume that
The following is the main dévissage theorem for noetherian schemes.
Theorem 5.5. Let X be a noetherian scheme, with dim X = d, as in (2.1). Then, the homomorphism W (ζ) :
Proof. It follows from (5.4) that W (ζ) is surjective. The proof of injectivity is similar to that in the affine case ( [MS1] ), by an application of ([B3, 4.1]). We outline the proof briefly, in the case of +duality. Suppose (F , ϕ 0 ) is a symmetric form in (A, ∨ ,̟) and
) and a quasi-isomorphism (without denominator) ϕ :
Going through the same argument in ( [MS1, 5.12] ) there is a hyperbolic from (Q,
Therefore, (U Remark. Following ( [MS1] ), in the case of Cohen-Macaulay affine schemes X = Spec(A), a version of (6.1) was given by Sanders and Sane for resolving subcategories of Mod(A) associated to semi-dualizing modules.
We would also consider the Witt groups of the derived category D b (A(X)) and of its full subcategory D 
Proof. Since A has 2-out-of-3 property, the theorem follows from [MS1, A.1, A.2] .
The following decomposition of the derived Witt groups is line with the regular case.
Theorem 6.3. Suppose X is a noetherian scheme, with dim X = d, as in (2.1) and X (d) will denote the set of all closed points of codimension n in X. Then, the homomorphisms
Proof. We prove only the first isomorphism. The diagram:
By theorem (6.1), two horizontal homomorphisms are isomorphisms. Also note, A(X) −→ x∈X (d) A(O X,x ) is a duality preserving equivalence of categories (in affine case, this is the Chinese remainder theorem). Therefore, η is an isomorphism. Now, since three other maps in this rectangle are isomorphisms, so is γ. The proof is complete.
